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In this paper we exhibit an intimate relationship between the simplicity of an
FG-module V of a finite group G generated by a noncentral involution t / 1 and
 4some other element u in G and the socles of the eigenspaces E for l in y1, 1 ofl
 .the involution t considered as FC-modules, where C s C t is the centralizer of tG
in G. In fact the two main results yield new simplicity criteria for FG-modules V
over fields F with odd or even characteristic p, respectively. For p / 2 the result
follows from a general module theoretic simplicity test proved in the first section of
the paper. It builds on ideas of the Meat-axe algorithm of previous work. We show
the practicability of our new tests by examples. Q 1998 Academic Press
INTRODUCTION
The main results of this article can be explained best for the special case
of an n-dimensional FG-module M of a finite simple group G, where F is
a commutative field of characteristic p ) 0.
By the Feit]Thompson Theorem finite non-cyclic simple groups have
w xeven orders. Thus, by a well-known theorem of Brauer and Fowler 3 a
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finite non-cyclic simple group G has an involution t / 1 for which the
 .centralizer C s G t has fairly large order, and for any such finite groupG
C there exists at most a finite number of non-isomorphic simple groups G
 .with an involution t such that C t ( C. It is therefore reasonable to testG
the simplicity of a representation M of a simple group G by means of its
<  .restriction M to a centralizer C s C t of an involution.C G
If p / 2, then the n = n-matrix T of the involution t of G acting on the
FG-module M has eigenvalues l s 1, y1. The two eigenspaces E of Tl
in M are the solution spaces of the homogeneous linear equations T y
.  .lI x s 0 for x g M. Furthermore, as we note later Proposition 1.3 , it isn
entirely well known and obvious that E and E are FC-modulesq1 y1
<without common composition factors, such that M s E [ E . InC q1 y1
 4particular, we may choose one l g 1, y1 such that
1 4dim E s min dim E , dim E F dim M .F l F q1 F y1 F2
In Theorem 3.1 it is shown that M is a simple FG-module if and only if
M s E FG, and the dual FG-module MU s ZFG for every simple FC-l
submodule Z of the dual FC-module EU.l
In fact, Theorem 3.1 holds for finite perfect groups G with a non-central
 :involution t such that G s u, t for some u g G. It reduces the simplic-
 U .ity test for an FG-module M to the determination of soc E and all thel
 U .  .simple FC-submodules Z of soc E , where soc X denotes the socle ofl
the module X. In the applications we assume this information to be
< < < <known, because dim E - dim M and C - G .F l F
 .For finite fields F s GF q the precise number of these finitely many
simple FC-submodules Z is given in Remark 3.2. It is only independent of
 U .the size of q when soc E is multiplicity-free. If M is not simple, then atl
least one of the FG-submodules E FG of M or ZFG of MU is proper,l
 U . Uwhere Z is a simple FC-module in soc E of E . In any case a properl l
FG-submodule of M is constructed.
The proof of Theorem 3.1 is based on a general module theoretic
simplicity test for finitely generated modules M over artin algebras L; see
Proposition 1.1 stated in Section 1. It may be considered to be a ring
w xtheoretical generalization of the Holt]Rees simplicity test 6 , which in
w xturn builds on ideas of the Parker]Norton simplicity criterion 11 .
In Section 2 we prove the relevant subsidiary results for perfect groups
 :G s t, u generated by a non central involution t and some other
element u. They imply that for fields F of odd characteristic p one only
needs to consider the eigenspace E of minimal dimension in the simplicityl
test given in Theorem 3.1.
In Section 4 we also prove an elementary simplicity test for finite groups
G of even order with a noncentral involution t for finitely generated
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FG-modules M over fields F what characteristic p s 2. Proposition 4.1
asserts that M is a simple FG-module if and only if M s ZFG for all
 .simple FC-submodules Z of soc E , where E is the eigenspace of t in1 1
<M for the unique eigenvalue l s 1.C
We demonstrate the applicability of Theorem 3.1 and Proposition 4.1 by
Examples 3.3 and 4.4, respectively. For p s 2 we consider the 782-dimen-
sional irreducible representation of Fischer's simple group Fi . In this23
case the running time of our algorithm is about 20 seconds on an IBM
RS6000r590. In each example the socle of E and E , respectively, is al 1
simple FC-module. So far we have not produced very efficient implemen-
tations of our simplicity tests. This will be done elsewhere, when we apply
it to large representations of some sporadic simple groups.
Concerning our notation and terminology we refer to the books by
w xCurtis and Reiner 5, 9 .
The two authors gratefully acknowledge the computational assistance of
H. Gollan. It is described in the examples. Furthermore, we thank the
referee for several helpful suggestions concerning the presentation of this
article.
1. A MODULE THEORETIC SIMPLICITY TEST
w xUsing some ideas of the Parker]Norton Meat-axe algorithm 11 we
prove in this section a new simplicity criterion for finitely generated
modules M over artin algebras L, consequently for finite dimensional
 .algebras over a commutative field. For a finitely generated right module
M over an artin algebra L or finite dimensional algebra L over a field F
denote by MU the dual of M, which is a left module over L. In the latter
U  .case M s Hom M, F . Our simplicity test for a right L-module MF
consists of a reduction technique, because we assume that for some proper
subalgebra G of L we know a decomposition of the restriction M s M XG
Y  X.U  .[ M and that we can determine the socle of M over G .
PROPOSITION 1.1. Let L be an artin R-algebra and G an R-subalgebra of
L, where R is a commutati¨ e artin ring. Let M be a finitely generated right
L-module. Suppose that the restriction M of M to G has a decompositionG
M s M X [ MYG
such that no composition factor T of the head M XrM XJ of M X is isomorphic to
Y  .a composition factor of the right G-module M , where J s J G denotes the
Jacobson radical of G.
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Then M is a simple L-module if and only if the following two conditions are
satisfied:
 . Xi M s M L.
 .ii M* s LZ for each simple G-submodule Z of the left G-module
 X.UM .
 .  .Proof. If M is a simple L-module, then the conditions a and b of
the proposition follows immediately. It remains to show the converse.
Suppose that M is not a simple L-module. Let L be a proper L-sub-
module of M.
First assume that MrL as a G-module does not have any of the simple
G-modules T of M XrM XJ in its head. Let i : M X ª M be the natural
inclusion and let p : M ª MrL be the natural projection. Since the simple
modules T of M XrM XJ do not occur in the head of MrL, it follows that
X  .  .the image of M under p ( i is contained in MrL J s MJ q L rL.
Hence M X is contained in MJ q L. We have that MJ s M XJ [ MY J, so
that by induction we obtain that M X is contained in M XJ j q MY J q L for
all j G 1. Hence M X is contained in MY J q L. Replacing M by MY J q L
 Y . Yand observing that M J q L rL is isomorphic to a factor module of M J,
and therefore does not have any of the simple modules T of M XrM XJ as a
composition factor, it follows by induction that M X is contained in L.
X  .Hence M L ; L, a contradiction to i .
Now assume that MrL as a G-module does have one of the simple
X X U  .UG-modules T of M rM J in its head. Then T is contained in MrL ,
U  X.  Y .U U Uwhich is contained in M s M [ M . The image of T in M is
 X.U Ucontained in M , because T is not isomorphic to any compostion
 Y .U  .U Ufactor of M . Therefore the image of MrL in M must contain a
simple submodule S isomorphic to TU. Therefore LS is contained in
 .U U  .MrL , a proper L-submodule of M . This contradiction to condition ii
completes the proof of the proposition.
 .For finite dimensional algebras over a finite field F s GF q we can
give the exact number of the different embeddings of a simple module S in
a direct sum Sd for an integer d G 1. This gives a practical limit on how
large the multiplicities of the simples one can handle in practical computa-
tions.
PROPOSITION 1.2. Let M s Sd be a homogeneous semisimple L-module
 .o¨er the finite-dimensional algebra L o¨er the finite field F s GF q such
 .  d . that F s End S for the simple L-module S. Then there are q y 1 r q yL
.1 different simple L-submodules of M.
 .Proof. Since the Jacobson radical J L of L operates trivially on M,
 .we may assume that L s L s LrJ L . As M is homogeneous only the
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block of L containing S acts non-trivially on M. Hence we may assume
 .that L is a simple F-algebra, i.e., L ( Mat n, F , where n s dim S. LetF
 .  .  .R s End M . As F s End S , we have R ( Mat d, F . In particular, allL L
three F-algebras L, R, and F are Morita equivalent. Therefore each
simple L-submodule W of M corresponds uniquely to a 1-dimensional
subspace W X of the F-vector space V s F d. It is easy to see that there are
 d .  .q y 1 r q y 1 one-dimensional subspaces in V. Hence the proof of the
proposition is complete.
The problem in applying the above simplicity test is to find a decomposi-
tion satisfying the assumptions. A situation where one has such a decom-
position, occurs for groups rings FG of finite groups G with a noncentral
involution over a field F with characteristic p / 2.
PROPOSITION 1.3. Let G be a finite group of e¨en order with a noncentral
 .in¨olution t with centralizer C s C t . Let V be an n-dimensional representa-G
 .tion of G o¨er a field F of characteristic p ) 0. Let T in GL n, F be the
 4matrix of t with respect to a fixed basis of V. For each eigen¨alue l in y1, 1
of T let E be the eigenspace of T with respect to l. Then the followingl
assertions hold:
 . <a Each E is an FC-submodule of V. If p / 2, then V s E [Cl q1
E and the two FC-modules E and E ha¨e no common compositiony1 q1 y1
factors.
 .b E¨ery nonzero simple FG-submodule U of V contains a nonzero
simple FC-submodule W of E for at least one l, and U s W FG.l l l
 .c The representation V is a simple FG-module if and only if V s SFG
for all simple FC-submodules S of E and E .q1 y1
 .Proof. a This is obvious and well known.
 .b Let U / 0 be a nonzero FG-submodule of V, and 0 / ¨ g U.
Then either w s ¨ q T¨ / 0 or T¨ s y¨ . Hence 0 / w g E or 0 / ¨q1
g E . In any case U l E is a nonzero FC-submodule for at least oney1 l
 4l g q1, y1 . Therefore it contains a nonzero simple FC-submodule Wl
of E , because E is a finite-dimensional FC-module. Hence U s W FG ifl l l
U is a simple FG-submodule.
 .  .  .c The statement in c is an immediate consequence of b .
 .2. 2, k -GENERATED GROUPS
 :Now we restrict ourselves to the situation where G s u, t with t being
an involution. This hypothesis is satisfied by all alternating and sporadic
w xfinite simple groups, see 1 . As in Proposition 1.3 let V be an n-dimen-
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sional representation of V over a field F, and let U and T be the matrices
 .of u and t in GL n, F with respect to a fixed F-basis of V. Let E denotel
 4the eigenspace of T of an eigenvalue l in y1, 1 . This notation is used
throughout this section.
First we find a sufficient condition for the representation V of G to
have a nonzero intersection with the eigenspaces E .l
LEMMA 2.1. If
oU .y1 i i < oU .y1 i i <K s F Ker TU y U T s F Ker TU y lU s 0 , .  .  .E El is1 is1l l
then any FG-submodule of V contains an eigen¨ector of T with eigen¨alue
 i .:oU .y1yl. Otherwise U ¨ is a nonzero FG-submodule of V for allis0
nonzero ¨ in K .l
Proof. Let W be an FG-submodule of V and w a nonzero element in
X  .W. If w s w y lT w is nonzero, then
T wX s l2T w y lT w s yl w y lT w s ylwX .  .  .  . .
and the first claim holds in this case.
X  .If w s 0, then T w s lw, hence w is in E . By assumption there existsl
  . 4  i o i o. .i in 1, . . . , o U y 1 such that z s TU y lU w is nonzero. Then0
 .T z s ylz with z in W l E , and therefore the first claim is also true inl
this case.
 .Suppose K / 0 and let ¨ be nonzero in K . Then ¨ is in E , andl l l
i . i .   . 4  i .:oU .y1TU ¨ s lU ¨ for all i in 0, . . . , o U y 1 . Hence M s U ¨ is0
is a nonzero FG s submodule of V.
In the next two results we further investigate the role of the vector
spaces K and K introduced above.q1 y1
 .PROPOSITION 2.2. If char F / 2 and K / 0 , then G is not a perfecty1
group.
 .Proof. Since F contains the eigenvalues of T , the condition K / 0y1
is preserved by field extensions. So we may assume that F also contains
the eigenvalues of U.
i . i . i  .Let ¨ be a nonzero element in K . Then TU ¨ s yU ¨ s U T ¨y1
 .for i s 0, 1, . . . , o U y 1, because ¨ is in E . Hence ¨ is iny1
oU .y1  i i .F Ker TU y U T . Therefore U and T have a common eigenvectoris1
w xw in E over F by 10, Proposition 2.2 . Thus there is a nontrivialy1
homomorphism of G into the multiplicative group FU of F. Therefore the
commutator subgroup GX of G is a proper subgroup, and G is not a
perfect group.
TESTING MODULES OF GROUPS 235
 .PROPOSITION 2.3. If K / 0 and G is perfect, then K is a tri¨ ial1 1
FG-submodule of V. In particular, soc V contains 1 .F G
Proof. Since F contains the eigenvalues of T , the condition K / 0 is1
preserved by field extensions. So we may assume that F is a splitting field
for G.
Let ¨ / 0 be an element of K . Then1
TU i ¨ s U i ¨ s U iT ¨ .  .  .
 .for i s 1, 2, . . . , o U y 1, because ¨ g E by Lemma 2.1. Hence G oper-1
 :ates on the FG-submodule K of V like the cyclic group U . As G is1
perfect, this action is trivial. Therefore K is a trivial FG-submodule of V.1
 .In particular, soc V contains 1 .F G
As an immediate corollary of these two propositions and Lemma 2.1 we
have the following.
 :COROLLARY 2.4. Let G s u, t with t being an in¨olution. Let V be an
 .  .n-dimensional FG-module with Hom 1 , V s 0 . If G is a perfectF G F G
group, then the following assertions hold:
 .  .  .a K s 0 and K s 0 .1 y1
 .  4b For each l in y1, 1 e¨ery simple FG-submodule W of V contains
a nonzero eigen¨ector u of T with eigen¨alue l.l
3. A SIMPLICITY TEST FOR GROUPS OF EVEN ORDER, p / 2
Using the subsidiary results of the previous sections we can now prove
our main result.
THEOREM 3.1. Let G be a finite perfect group with an in¨olution t such
 :  .that G s u, t for some u in G. Let C s C t be the centralizer of t in G.G
Let F be a finite field of odd characteristic p and let V be an FG-module. If
 .the tri¨ ial FG-module is not contained in soc V , then the following assertions
hold:
 . <  .  4a V s E [ E , and E / 0 for each l g 1, y1 where EC q1 y1 l l
denotes the eigenspace of t with respect to l.
 .  4b V is a simple FG-submodule if and only if for some l g 1, y1 the
following two conditions are satisfied:
 .i V s E FG.l
 . U Uii V s ZFG for e¨ery simple FC-submodule Z of E .l
 .  4In fact, in b , l g 1, y1 can always be chosen such that
1 4dim E s min dim E , dim E F dim V .F l F q1 F y1 F2
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Proof. We first note that t is a noncentral involution, because G s
 :u, t is perfect.
 .  . <a By Proposition 1.3 a we have that V s E [ E . Further-C q1 y1
 .  4  .more, E / 0 for each l g 1, y1 by Corollary 2.4 b .l
 .  .b Another application of Proposition 1.3 a yields that the two
FC-submodules E and E have no common composition factor. Nowq1 y1
Proposition 1.1 completes the proof.
Remark 3.2. Keeping the notation of Theorem 3.1, suppose that the
U  U .socle of the FC-module E has the direct decomposition soc E sl l
[k H into is homogeneous components H s Zdi for 1 F i F k, wherei i iis1
 . rZ is a simple FC-module. If the finite field F s GF q has q s pi
 .elements, then the number of spin calculations ZFG done in condition b
 .ii of Theorem 3.1 equals
k diq y 1
 q y 1is1
by Proposition 1.2. Therefore, the simplicity test of Theorem 3.1 is compu-
tationally effective only for those FG-modules V for which all the multi-
 .plicities d of the simple composition factors Z of soc E of the eigenspacei i l
E are small.l
In particular, this test works best if all d s 1. In this case the number ofi
steps is even independent of the size q of the finite field.
The verification of the conditions of the simplicity criterion 3.1 is now
illustrated for an 11-modular representation of the first sporadic Janko
group.
 .EXAMPLE 3.3. Let G be the subgroup of GL 7, 11 generated by the
two matrices
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
A s ,0 0 0 0 1 0 0
0 0 0 0 0 1 0 00 0 0 0 0 0 1
1 0 0 0 0 0 0
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y3 2 y1 y1 y3 y1 y3
y2 1 1 3 1 3 3
y1 y1 y3 y1 y3 y3 2
B s .y1 y3 y1 y3 y3 2 y1
y3 y1 y3 y3 2 y1 y1 01 3 3 y2 1 1 3
3 3 y2 1 1 3 1
w x  : < <Then by Janko 7 , G s A, B is simple group with order G s 175560.
 .5The following element T s AB is an involution
5 0 0 0 y2 4 0
0 2 y3 1 0 0 3
0 y3 3 y1 0 0 y2
T s 0 1 y1 3 0 0 1
y2 0 0 0 y4 y5 0 04 0 0 0 y5 y2 0
0 3 y2 1 0 0 3
and the element U s ABy1 has order 19.
2 1 y1 y3 y1 3 3
y1 1 y3 y1 y3 3 y2
y1 3 y1 y3 y3 y2 1
U s y3 1 y3 y3 2 1 1
y1 3 y3 2 y1 1 3 0y3 3 2 y1 y1 3 1
y3 y2 y1 y1 y3 1 3
 .  :The following two elements generate the centralizer C s C T ( T =G
 .PSL 2, 5 of T in G:
y2 1 1 3 1 3 3
1 1 3 1 3 3 y2
1 3 1 3 3 y2 1
X s 3 1 3 3 y2 1 1
1 3 3 y2 1 1 3 03 3 y2 1 1 3 1
3 y2 1 1 3 1 3
3 1 y4 y5 y2 3 5
5 y3 5 y1 0 5 2
2 1 2 0 y1 2 3
Y s ,y4 2 3 y5 y2 0 3
y5 4 y5 2 3 y3 1 0y4 4 3 y5 y2 y4 5
4 y3 1 3 y1 2 y4
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where X and Y have been constructed from T and U by H. Gollan as
follows. Starting with the elements T and U, define
T s T0
T s U1
T s T T 3T T 2T T 5T T 2T Ty1T Ty12 0 1 0 1 0 1 0 1 0 1 0 1
T s T 5T T 2T T T Ty1T Ty53 1 0 1 0 1 0 1 0 1
T s T 3T T 2T T 3T T T T 2T Ty4 T Ty2 T Ty3T4 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0
T s T T 3T Ty2 Ty1Ty15 4 2 2 4 3 2
T s T T T T Ty1Ty1Ty1 .6 4 2 3 2 4 3 2
Then we have X s T T 3T 2T , and Y s T T 2T T .6 2 2 0 6 5 3 2
 .  :  :  :Since C s C T s X, Y F T , U , and U f C, we get G s T , UG
w xbecause C is a maximal subgroup of G by Janko's paper 7 . As T is a
symmetric matrix of order 2, and the transpose U T of U equals Uy1, it
7  .follows that V s F is a self-dual FG-module over F s GF 11 .
 .  .  .As Y g PSL 2, 5 , and X s XT g PSL 2, 5 we obtain PSL 2, 5 s1
 :X , Y .1
 4The eigenspaces E of T for l g q1, y1 on the 7-dimensionall
7  4  .FG-module V s F are E s ¨ , ¨ X , ¨ Y with ¨ s 0, 0, 1, 0, 0, 0, 1 ,q1 1 1 1 1 1
 24  .E s ¨ , ¨ X , ¨ Y, ¨ Y with ¨ s 0, 9, 10, 0, 0, 0, 1 . Furthermore, Vy1 2 2 1 2 2 2
 .  .s E [ E . Since the simple PSL 2, 5 -modules over F s GF 11 haveq1 y1
w xdimensions 1, 3, 4, and 5 by 4, p. 2 , it follows immediately that E is aq1
 .simple PSL 2, 5 -module and therefore it is a 3-dimensional simple FC-
module.
7  .H Let u ? w be the scalar product of u and ¨ in V s F , and E s uy1
4g V N u ? w s 0 for all w g E . Since T is a symmetric diagonalizabley1
matrix over F, its eigenvectors corresponding to different eigenvalues are
 .H Uorthogonal. Hence E s E as F-vector spaces. Since V ( V asy1 q1
U U w xFC-modules, we have E s E FC F V by 5, p. 411 .q1 q1
Now applying U to E and EU we get thatq1 q1
 2:V s ¨ , ¨ X , ¨ Y , ¨ U, ¨ X U, ¨ YU, ¨ U s E FG ,1 1 1 1 1 1 1 1 1 q1
and
U  y1 y1 y1 y2: UV s ¨ , ¨ X , ¨ Y , ¨ U , ¨ X U , ¨ YU , ¨ U s E FG.1 1 1 1 1 1 1 1 1 q1
Hence V is a simple FG-module by Theorem 3.1.
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4. A SIMPLICITY TEST FOR GROUPS OF EVEN
ORDER, p s 2
There is no analogous result of Theorem 3.1 for group representations V
of finite groups G of even order over fields F with characteristic p s 2.
 .However, Proposition 1.3 c yields the following useful simplicity test.
PROPOSITION 4.1. Let F be a field of characteristic 2. Let V be a finitely
generated FG-module of a finite group G with a noncentral in¨olution t / 1
 .  4and centralizer C s C t . Then E s ¨ g V N ¨t s ¨ is an FC-module.G 1
Assume that soc E s [s Sdi, where S are simple FC-modules with1 i iis1
S ` S for i / j. Then V is a simple FG-module if and only if SFG s V fori j
all simple FG-submodules S of Sdi for all i s 1, . . . , s.i
Let R be a discrete rank one valuation ring with maximal ideal p R,
residue class field F s Rrp R of characteristic p ) 0, and quotient field S
of characteristic zero. If F and S are splitting fields for the finite group G,
 .then the triple F, R, S is called a p-modular splitting system for G.
An FG-module V is called liftable, if there is an RG-lattice X such that
X m F s XrXp ( VR
as FG-modules.
w xThe following result due to P. Landrock 8 gives a good lower bound for
the dimension of the eigenspace E of an involution t / 1 of G in a1
liftable FG-module V.
 .LEMMA 4.2. Let F, R, S be a 2-modular splitting system for the finite
group G with a noncentral in¨olution t / 1. Let V s XrXp be a liftable
FG-module, and let x be the complex character afforded by X m S. IfR
 < 4E s ¨ g V ¨t s ¨ , then1
1 < <dim E G dim V q x t . .F 1 F2
Remark 4.3. Whenever V is a non-projective liftable FG-module, then
1 .x t / 0 for at least one involution t of G. Hence dim E ) dim V forF 1 F2
such representations V of G and involutions t / 1.
Nevertheless, the following example shows that Corollary 4.1 is a practi-
w xcal simplicity test. Using the Norton]Parker Meat-axe algorithm 11 R.A.
w xWilson had proved before in 13 that the following FG-module V is
simple.
EXAMPLE 4.4. Let G be the finite sporadic simple group Fi of Fischer23
< < 18 13 2 w xof order G s 2 ? 3 ? 5 ? 7 ? 11 ? 13 ? 17 ? 23. By the Atlas 4, p. 177 , G
 .has an involution t / 1 with centralizer C s C t ( 2Fi , the 2-foldG 22
cover of the simple sporadic group H s Fi of Fischer.22
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 . w xLet F, R, S be a 2-modular splitting system for G. By the Atlas 4 the
 .Gpermutation SG-module 1 splits into the irreducible SG-modulesC
Ã Ã Ã Ã1 , X of dimension dim X s 782, and Y of dimension dim Y s 30888.G S S
ÃLet X be an RG-lattice of X, and let V s X m F s XrXp . Then V isR
a liftable FG-module of dimension dim V s 782. Let E s ¨ g V N ¨t sF 1
4¨ be the eigenspace of t in V, and let x be the complex irreducible
Ã  . w xcharacter of G afforded by X s X m S. Then x t s 78 by 4, p. 178 .R
1  .Hence dim E G 782 q 78 s 430 by Lemma 4.2. By Frobenius re-F 1 2
ciprocity we have
<x s 1 q x q x ,C C 3 66
where x and x are the irreducible complex characters of H in the3 66
w x  .  .notation of 4, p. 156]157 of degrees x 1 s 429 and x 1 s 352. As all3 66
the values of the irreducible characters x , 1 , x , and x are rational, weC 3 66
see that V and VrE are self-dual FG- and FC-modules, respectively.1
 . w xSince x t s 0, it follows from Landrock's proof 8 of Lemma 4.2 that66
dim E s 430.F 1
Any R-form of x has 2-modular irreducible constituents of dimensions3
1, 78, 350. Similarly, any R-form of x has 2-modular irreducible con-66
stituents I s 1 with multiplicity 2 and 350.G
Using Proposition 4.1 we now check that V is a simple FG-module. In
w x  .14 Wilson has given two matrices X and Y in GL 782, 2 generating the
Fischer group G in representation corresponding to V. In the Atlas
w xnotation 4 , X belongs to the conjugacy class 2 B and Y to 3D. Further-
w xmore the element XY has order 28. Wilson 14 also gives two generators
 .K and L of the centralizer C s C t as follows. LetG
13213 3 y13D s XY XY Y XY XY , .  .  . .
211 y1122 2L s XY XY Y XY XY , .  .  . .
11K s DL D. .
 .  :Then C s C t s L, K . Using these generators L and K, H. GollanG
has found that the involution t of C can be represented by the matrix
212T s KL g GL 782, 2 . .  .
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w xBy means of MAGMA 2 he has computed the eigenspace E of T in1
V, and the socle series of this FC-module:
I [ 78
<E s 350C1
I
 .In particular, soc E s I. Furthermore, a computer calculation with1
 .MAGMA shows that V s soc E FG s IFG. Hence V is a simple FG-1
module by Proposition 4.1.
Remark 4.5. Example 4.4 was also used by H. Gollan to compare the
algorithm stated in Proposition 4.1 with the Parker]Norton Meat-Axe
w xalgorithm. He used the Computer Algebra System MAGMA 2 and its
implementations of representation theory algorithms. Since the Meat-Axe
and the computation of the socle use probabilistic algorithms he did 25
test runs on an IBM RS6000r590 in each case. The following table shows
on the left the timings for the MAGMA implementation of the
Parker]Norton Meat-Axe, on the right of the total timings for the algo-
rithm described in Proposition 4.1, i.e., computation of the eigenspace E ,1
 .of the socle of E as an FC-module, and of the spin soc E FG s V. In1 1
each case the first row shows the average time of the 25 test runs in
seconds. Rows 2 and 3 give the minimum and maximum time.
Meat-Axe Proposition 4.1
average 29, 79 19, 68
min. 19, 61 15, 18
max. 48, 14 24, 82
In the application of the algorithm stated in Proposition 4.1 the computa-
tion of a vector space for the eigenspace E took only 0.74 seconds, and1
the time for the spin ZFG was 2.55 seconds. Thus the computation of
 .soc E by means of MAGMA took most of the time.1
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